In this paper, we present some new simultaneous generalizations of common fixed point theorems of Mizoguchi-Takahashi type, Nadler type, Banach type, Kannan type and Chatterjea type for multivalued mappings or single-valued mappings. Our new results are completely original and quite different from the well known generalizations on the topic in the literature.
Introduction and preliminaries
It is well known that Banach contraction principle [1, 12, 14, 15, 18 ], Nadler's fixed point theorem [17, 12, 14, 15, 18] , Mizoguchi-Takahashi's fixed point theorem [16] , Kannan's fixed point theorem [13] and Chatterjea's fixed point theorem [2] play important roles in various fields of nonlinear functional analysis and applied mathematical analysis. It should be mentioned that the Banach contraction principle, Kannan's fixed point theorem and Chatterjea's fixed point theorem are different from each other in their mapping conditions. Let (X, d) be a metric space. Denote by N (X) the family of all nonempty subsets of X and CB(X) the class of all nonempty closed and bounded subsets of X. A function H : CB(X) × CB(X) is said to be the Hausdorff metric on CB(X) induced by the metric d on X, where d(x, A) = inf y∈A d(x, y). A point v in X is said to be a fixed point of a mapping T if T v = v (when T : X → X is a single-valued mapping) or v ∈ T v (when T : X → N (X) is a multivalued mapping). The set of fixed points of T is denoted by F(T ). The symbols N and R are used to denote the sets of positive integers and real numbers, respectively.
The concept of MT (λ)-function was introduced by Du [6] in 2016.
In [6] , Du established the following characterizations of MT (λ)-functions; see also [8] [9] [10] [11] . (1) µ is an MT (λ)-function.
(9) For any eventually nonincreasing sequence {x n } n∈N (i.e. there exists
(10) For any eventually strictly decreasing sequence {x n } n∈N (i.e. there exists
This paper can be considered as a continuation of the report [11] . In this paper, we establish some new simultaneous generalizations of common fixed point theorems of Mizoguchi-Takahashi type, Nadler type, Banach type, Kannan type and Chatterjea type for multivalued mappings or single-valued mappings. Our new results are completely original and quite different from the well known generalizations on the topic in the literature.
New simultaneous generalizations of common fixed point theorems
In this section, we first establish a new simultaneous generalization of common fixed point theorems of Mizoguchi-Takahashi type, Kannan type and Chatterjea type for multivalued mappings.
Theorem 2.1. Let (X, d) be a complete metric space and T, S : X → CB(X) be two multivalued mappings. Define a mapping G :
Suppose that
Then T and S have a common fixed point in X; that is
Proof. Since ϕ(t) < 1 for all t ∈ [0, ∞), we can define a function µ : [0, ∞) → (0, 1) by
Clearly, 0 ≤ ϕ(t) < µ(t) < 1 for all t ∈ [0, ∞). Let w ∈ X be given. Take x 1 = w ∈ X and choose x 2 ∈ Sx 1 . If x 2 = x 1 , then x 1 ∈ Sx 1 and hence
So there exists x 3 ∈ T x 2 such that
(2.2) Hence, by (2.1) and (2.2), we get
If x 3 = x 2 , then one could use a similar argument to show x 2 = x 3 ∈ F(T ) ∩ F(S). Assume x 3 = x 2 . By (DG) again, we obtain
Hence there exists x 4 ∈ Sx 3 such that
Using the same argument as above, we obtain
Therefore, by induction, we can obtain a sequence {x n } n∈N satisfying the following: for each n ∈ N,
Since µ(t) < 1 for all t ∈ [0, ∞), by (iii), we know that the sequence {d(x n+1 , x n )} n∈N is strictly decreasing in [0, ∞). Since ϕ is an MT -function, by applying Theorem 1.1 with λ = 1, we obtain 0 ≤ sup
Hence, by (2.3), we obtain
For m, n ∈ N with m > n, we get from (2.4) that This proves that {x n } n∈N is a Cauchy sequence in X. By the completeness of X, there exists v ∈ X such that x n → v as n → ∞. In order to finish the proof it is sufficient to show v ∈ F(T ) ∩ F(S). By (DG), we have
for all n ∈ N. Since the function x → d(x, T v) is continuous and x n → v as n → ∞, by taking the limit as n → ∞ on both sides of the last inequality, we get
which implies d(v, T v) = 0. Hence we obtain v ∈ F(T ). On the other hand, by (DG) again, we obtain
for all n ∈ N. By taking the limit as n → ∞ on both sides of the last inequality, we obtain
which deduces v ∈ F(S). Therefore, we prove v ∈ F(T ) ∩ F(S) which means that T and S have a common fixed point v in X. The proof is completed.
Remark 2.1. Let (X, d) be a metric space, ϕ : [0, ∞) → [0, 1) be a function and T, S : X → CB(X) be two multivalued mappings satisfying
For any x ∈ X, by ( * ), we obtain H(T x, Sx) ≤ ϕ(d(x, x))d(x, x) = 0 which implies T x = Sx. So we know that T = S if condition ( * ) holds.
The following conclusion is immediate from Theorem 2.1.
Corollary 2.1. Let (X, d) be a complete metric space and T : X → CB(X) be a multivalued mapping. Suppose that there exists an MT -function ϕ :
for all x, y ∈ X. Then T admits a fixed point in X. Applying Theorem 2.1, we obtain the following Kannan type common fixed point theorem for multivalued mappings immediately. Then T and S have a common fixed point in X; that is F(T ) ∩ F(S) = ∅.
Corollary 2.2. Let (X, d) be a complete metric space and T : X → CB(X) be a multivalued mapping. Suppose that there exists an MT -function ϕ :
Then T admits a fixed point in X.
We also immediately establish the following Chatterjea type common fixed point theorem for multivalued mappings by applying Theorem 2.1. Theorem 2.3. Let (X, d) be a complete metric space and T, S : X → CB(X) be two multivalued mappings. Suppose that there exists an MT -function ϕ
Then T and S have a common fixed point in X; that is F(T ) ∩ F(S) = ∅.
Corollary 2.3. Let (X, d) be a complete metric space and T : X → CB(X) be a multivalued mapping. Suppose that there exists an MT -function ϕ :
Theorem 2.4. Let (X, d) be a complete metric space and T, S : X → X be two selfmappings. Suppose that there exists an MT -function ϕ :
for all x, y ∈ X. Then T and S have a unique common fixed point in X.
Proof. Let u ∈ X be given and define a sequence {x n } n∈N by x 1 = u, x 2n = Sx 2n−1 and x 2n+1 = T x 2n for all n ∈ N. Following a similar argument as the proof of Theorem 2.1, we can show F(T ) ∩ F(S) = ∅. We claim that F(T ) ∩ F(S) is a singleton set. Assume that there exist u, v ∈ F(T ) ∩ F(S) with u = v. By (2.5), we obtain
which leads a contradiction. Therefore F(T ) ∩ F(S) is a singleton set which means that T and S have a unique common fixed point in X. The proof is completed. 
for all x, y ∈ X. Then T admits a unique fixed point in X and for any u ∈ X, the sequence {T n u} n∈N∪{0} converges to the unique fixed point of T (here, T 0 = I is the identity mapping).
The following result is the Kannan type common fixed point theorem for single-valued mappings.
Theorem 2.5. Let (X, d) be a complete metric space and T, S : X → X be two selfmappings. Suppose that there exists an MT -function ϕ :
Then T and S have a unique common fixed point in X.
Corollary 2.5. Let (X, d) be a complete metric space and T : X → X be a selfmapping. Suppose that there exists an MT -function ϕ :
Then T admits a unique fixed point in X.
The following result is the Chatterjea type common fixed point theorem for single-valued mappings. Then T admits a unique fixed point in X.
Remark 2.4. 
